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Abstract 

Let X be a primitive Dirichlet character of conductor q and let us denote by 
L(z, x) the associated L-series. In this paper, we provide an explicit upper bound 
for |L(l,x)| when x is a primitive even Dirichlet character with x(2) = 1- 
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1 Introduction and results 

Let X be a primitive Dirichlet character of conductor q and let us denote by L{z, x) 
the associated L-series. Recall we say that x even when x(~l) = 1 odd when 
x(—1) = —1. The upper bound for |L(l,x)| has received considerable attention near the 
end of the 20th century, mainly because of the importance of this bound in number theory. 
Several authors have obtained upper bounds for |L(1, x)| with conditions on the modulus 
(see for instance 0,0.IIS1, im, im, a. in and the references therein). 

Concerning fully explicit estimates, it is known that there exists a constant C such 
that |L(l,x)| satisfies the following bound 

|T(l,x)| < ^logg + C (g>l). (1) 

The problem of beating the | log q has since been addressed but the only results obtained 
so far have been under the conditional hypothesis that x(2) is noticeably different from 1 
(or if not x(2), then x{p) some small prime p), see |H] and |T3]. The aim of this paper 
is to study the most difficult case, i.e., when x(2) = 1 and prove that 

Theorem 1. Let x be an even primitive Dirichlet character of conductor q > 1 and 
suppose that x(2) = 1. Then, we have 

|L(l,x)| < pogg- 0.02012. 

As an example of application, we deduce an explicit upper bound for the class number 
of a real quadratic field Q (a/?), improving on a result by Le [5]. We prove that 

*S. Saad Eddin is supported by the Austrian Science Fund (FWF): Project F5507-N26, which is a 
part of the Special Research Program “ Quasi Monte Carlo Methods: Theory and Applications”. 
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Theorem 2. For every real quadratic field of discriminant q> 1 and x(2) = 1, we have 

where h (Q{^/q)'j is the class number of Q (v^) ■ 

Concerning C from Eq. ([^; we note that Loubontin [B] and [7j nsed integral repre¬ 
sentation of Dirichlet L-functions and obtained the following upper bounds of |L(l,x)| 
for primitive x of conductor g > 1. 


' -\i log,+ 0.717 ifx(-l) = -l. 

In 2001, Ramare PI gave new approximate formulae for L{l,x) depending on Fourier 
transforms. Thanks to these formulae, this author proved that 


1^(1,X)l< 


Hogg 


if X(-1) 
if X(-1) 


f logg -I- 0.7083 
Using numerical evidence, Ramare proposed the conjecture 


+1) 

- 1 . 


I - I log g} = -0.32404-•• , 

I “ ilogg} = 0.51482-■■ . 

I, X odd ^ 


The first one being reached by a character modulo 241 and the second one by a character 
modulo 311. Recently and using a very rehned algorithm (see m), David Platt has 
checked this conjecture for all primitive x of conductor 2 < g < 2 000 000. David Platt 
has kindly agreed to run again his algorithm to conhrm that our result (Theorem also 
holds for conductor 2 < g < 2 000 000. The author would like to thank David Platt 
from Bristol University for his help concerning the computations of this paper. Thank to 
Olivier Ramare for his helpful comments concerning the material of this article. 

In the next section, we present the structure of the proof of Theorem 


2 Proof structure of Theorem HI 

Theorem 3. Let x^e a primitive Dirichlet character of conductor g > 1. Let F : M — )■ M 
he such that F{t)/t is in C^(]R) (also at Oj, vanishes at t = ±cx) and its first and second 
derivatives belong to D^(]R). Assume further that F is even if x is odd and that F is odd 
if X is even. We define 

GMu) ^ E (2) 

e>o ^ 

Suppose that Gf{u) and the derivative of {Gf{u) — 2)/u are positive for uq < u <1, that 
|1 — F{t)\ < co/t^ , |R'(^)I — ci/t^, \F{t)\ < C 2 , \F{t)\ < cfi and |Gi7(f)| < 2 for all t > 0. 
Then for any 6 > 0, we have 

Y. < - log^ + + D{e) + H{5), 

(m,2)=l 


2 





where 

D{9) = (-log0 + log| + loglog2 + log2 + 2) , (3) 

and 


H(S) = log(l - i) + 




+ 


5^ 


21 ' 21 ' 6(1-45)2 30(1-45)4' 

Here, 6 is uq or 5 according to whether 5 < mq or 6 > uq. The constant bp is given by 


bp — 


2 Jo 


Grit) - 2 ^ 1 p \Gp{t)\ 

t 2 Ji t 


dt + 'j + log 2 , 


(4) 


where 7 denote Euler’s constant. 


The proof of this theorem is long and complicated. It reqnires several tools. We begin 
by collecting some important results proven in 


Lemma 1. We have 


E log 

l<k<5q/2 


sm 


nk 

Jq 


< y iog2- 


Proposition 1. Set 


F.w = y5|,„g4 + E(-1)’ 


TT 


n>l 


2n 2 
H n 


(5) 


Let X be an even primitive Dirichlet character of conductor q > 1. Then, we have 

7rm 


rn A ^ x{n) 2t{x) ^ 

^(Iw) = E-E X{m)\og 


n>l 


n 


q 


l<m<5q/2 


sm 


Sq 


( 6 ) 


We build our idea to prove Theorem on the fact that the function 1 — Fq is 
not positive on IR+. Thus, part of loss of the upper bound for |L(l,x)| is due to 
studying J2n\^ ~ F’i{Sn)\ /n rather than I]n (1 ~/'' 2 - In this paper, we study 
J2n (1 ~ Fi{dn)) jn directly. To do so, we need to observe some properties of the func¬ 
tions Fi and then Gpi- The following two sections state the most important results 
concerning these functions. 


3 Study of Fi 

Lemma 2. The function Fi(t) satisfies 

0 < sgn (sinvrt) {sgn(t) — Fi{t)} < 


sin nt 

Tit 


1 

1 -7 |t| 


Proof. See [T7] . 


A simple consequence of this lemma is the following result. 


□ 
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Lemma 3. For t real number, we have 


0 < sgn (sin( 7 rt)) (1 - Fi{t)) < |l/( 7 rt)| , \F'{t)\ -C 

Proof. See [IBl Lemma 12], 

Lemma 4. Fort > 0, we have |-Fi(t)| < (log4)t. 

Proof. From [TH], we recall that 


Fi{t) 


= -2 


. 1/2 

1 - 1/2 

»l/2 


log |sm(7ri;)| e{—tv) dv 


It follows that 


fl/Z 

= —4 / log IsirLfTTr’)! cos(27rtt;) (if. 
Jo 

\Fi(t)\ /■V2 

-^ F 4: log |sin(7rf)| dv = log4. 

t Jo 


This completes the proof. 


4 Study of 

Lemma 5. For u > 0, we have |Gi?^(M)| < 2. 
Proof. From Lemma we get 


1 -Fi( 2 ^m) 


< 


sin(2^7™)| 1 ^ ^ 

2^tiu 1 + 2^u ~ 


It follows that 




E 


1 - Fi( 2 ^f) 

^ 2 ^ 


<E^ 

£>0 ^ 


This completes the proof. 

Lemma 6. For 10“^ < f < 1, Gp^{u) is positive. 
Proof. Recall that 


2 . 




e>o 


2^ 


E 

e>o 


Fi{2^u) 

2 ^ 


From Eq. Q, we write 


Fijt) ^ 2 /■V2 
t t Jo 

Using integration by parts, we get 

2 /• 1/2 ( 

<^Fi(«) = -E/, cot(7rf 


cot(7rf) sin(27rif) dv. 


TTV \ sin(2^’''^7rMf) 


Sm TTf 


2 ^ 


dv. 


□ 


(7) 


□ 


□ 


( 8 ) 


(9) 


( 10 ) 
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Now, we define, for an integer parameter L, 


/*i/^ 

Sl{u) = Y. 


1/2 sin(2^+^7rMi;) 


2^ 


dv, 


and 


RL(n)= E 

l>L+l ' 


'•1/2 sin(2^+Vnn) , 

^ - dv, 


where the function 'ip{v) = cot(7rn) — (vrn)/sin^(7rn) is negative. Eq. (10) can be written 
by 

G'p^{u) = Sl{u) + Rl{u). ( 11 ) 

Notice that 


l>L+l ' 


r-l/2«+i 


|'0(n)| 27TOn(in + ^ 

£>L+1 ' 


/•1/2 |^(n)| 

'1/2''+! 2^ 


dv. 


On using |sin(27rn) — 27rn| < (27rn)^/3! and sin(7rn) > 2n for all 0 < n < 1/2, we get 
I-0(^)1 < TT^n/O. It follows that 


\Rl{u)\ < 


4 

7T U 


V — 

03£ 


TT 


0-8 ^ 23^ 6 ■ 

^ ”£>L+1^ ^ ^ 1>L+1 


< 


4 

TT U 


TT 


^ \ 2^ 23^ 

1 


Therefore 




9-8-7-23i 6-8 V2^ 7-23^/ ' 

1 


4 

TT n 


TT 




504-23^ 48 V 2^ 7-2^^J' 

For 10“® < M < 1 and L = 15, the maxima of Sl{u) + \Rl{u)\ numerically seems non¬ 
increasing and GP/PARI needs at most 10 seconds to prove it is < —0.0001353. Since 
(^^^(l) = 0, it follows that Gp-^ is positive. This completes the proof. □ 

Lemma 7. For 10“® < u < 1, we have ^ 2 ^ ^ 

Proof. Since 

Gpi (u) — 2 


u 


= -E 


£>0 


Fi [2'^u 
2^u 


using Eq. @ , we obtain 


d f Gp^ {u) — 2 


du 


u 


= — W — I cot(7rn) sin(2^^^7ran) dv 
21 JO 


1>T) 


Att 


— W / V cot(7rn) cos(2^’''VMn) dv. 

u tR Jo 


l>0 ' 


Using integration by parts for the last integral above, we hnd that 


d !Gp.^{u) — 2\ 4 

u ) 


du 


sin(2^+%Mn) 
) 2^ ' 


(fiy) dv. 
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( 12 ) 



















where (p{v) = cot(7rt’) — 7rt;/(2 sin^(7rt’)). For an integer parameter L, we define 


and 


Si(«)= E 

0<1<L' 


i>L+l ' 


'•1/2 sin(2^+^7rMr;) 

^ - dv, 


'•1/2 sin(2^+^7r-un) 

- dv. 


Then, Eq. (12) can be written as 

d ! Gp-^ (ti) — 2 


Notice that 


Rt.(u] 


du 


< E 

1>L+1 ' 


U 


2^ 


= Sl{u) + Rl{u). 


(13) 


r.l/2^+1 


|(p(r;)| 27rMr;(in + ^ 

£>L+1 ' 


/•1/2 |(p(n)| 

'l/2'^+l 2^ 




On using |sin(27ru) — 7ru| < ttu and sin(7ru) > 2u, for all 0 < u < 1/2, we get |(p(u)| < 
7r/(8u). It follows that: 


Rl{u] 


< 


Tl^U 


^ 1 7rlog2 ^ i 
^ oi Q ^ 2^ 


° £>L+1 ^ 


£>L+1 


^ TT^M ^7r(L + 2)log2 


2^+3 


2^+3 


Therefore 


Rl{u] 


^ TT^M ^7r(L + 2)log2 


2^+3 211+3 

For 10“^ < M < 1 and L = 21, the minima of Sl{u) + Rl{u) numerically seems increasing 
and GP/PARI needs at most 10 seconds to prove it is > 0.0000019. Then, the derivative 
of {Gp^ —2) /u is positive. This completes the proof. □ 

Lemma 8. Set 


bpi — 


1 GGp,{t)-2 


2 Jo 

Then bp^ < —0.66266. 
Proof. By Eq. (|^, we have 

sin(7rf) 


t 


, 1 r 

dt + - 

2 Ji 


t 


df + 7 + log 2. 


(14) 


m) = 


TT 


log4 + ^(-1)^ 


n>l 


1 1 
+ - 


t — n n 


E(-i)’ 


n>l 


t + n n 


Thanks to the equality (2.2) of [T7] . when F = 1, we write 


TT 


sin(7rf) t 


= 7 + E(-1)’ 


n>l 


' +t) + E(-i)' 


t — n n 


n>l 


t + n n 
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It follows that 


Fdt) 


sin(7rt) 


TT 


log 4 + — 


TT 


sin(7rt) 


7-2E(-1) 


(— 
\t + n 



Thus 


Flit) 


sinfTrt) 
1 + —^ 
TT 


log 4 — 


1 

t 


n>l 



From Eqs. (14) and (15), we write the following simple GP-PARI code: 


-[Fl(t) = 

l+sin(Pi*t)/Pi* (log(4)-l/t+2*t*sumalt(n=l,cos(Pi*n)/n/(t+n)))} 
{G(x, borne=50) = sum(l=0, borne, (1-Fl(2"l*x))/2~1)} 

{GG(x, borne=50) = sum(l=0, borne,-FI(2~l*x)/2~l)} 

{bFl( borne=50, bornex=1000) = 

Euler+log(2)+l/2*intnum(x=0, 1, GG(x, borne)/x) 
+l/2*intnum(x=l, bornex, abs(G(x, borne))/x)} 
default(realprecision,200) 


(15) 


For T = 1000 and L = 50, we find that 

1 -Fi(2^f) 


e>L+i ^ ^ i>L+i 


2 Jo 


2H 


dt T 


1 /■“ 
2 Jt 


E' 

e>o 


Fii2H) 
2H 


- dt 


and that bp^ < —0.66266. This completes the proof. 
Lemma 9. Under the hypotheses of Theorem^ we have 


< 0 . 00022 , 

□ 


max 

T<u 


d (Gpiu)' 
du 


u 


SCn 4ci 
< + 


7T4 3T3' 


where the constants cq and ci are positive numbers chosen according to the function F. 
Proof. Notice that 


d ^Gpi'll) 
du 


u 


— ' o 


u 




From our hypotheses, it follows that the series '22i>o ^ converges normally as well 

as the series '}Zi>o uniformly for u G [A, cx)[, for any A > 0. We infer that 


G'piu) 


u 


<E 

£>0 


F'i2^u) 


u 


<E 

l>0 


Cl 


_ '^'31 
22V “ 3m3’ 


and 


IGpiu)] 




<E 

l>0 


|1 —F(2^m)| Co 8co 


2%2 


— 23V 


£>0 


This completes the proof. 


□ 
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Lemma 10. Under the hypotheses of Theorem\^ we have 


cuo 


Gp{u) — 2 


u 


du < (- log Mo + log I + log log 2 + log 2 + 2 ) , 


log 2 


where C 2 and C 3 are positive numbers and chosen according to the function F. 
Proof. For L > 0, we write 

Gf{u) - 2 _ _ F{2^u) ^ F{2^u) 


u 


£<L 


e>L+i 


2 ^ 


Since |-F(t)| < C 2 and |-F(t)| < c^t, we get 


E 

e>o 


F{2^u) 


2 ^ 


< C3(L + 1)m + p. 


The best value of L is given by 2^ = Then, we hnd that 


This yields 


i'UQ 


^ F( 2 ^m) 
£>0 ^ 


Gf{u) — 2 


< 


c^u 
log 2 


(1 + log ^ + log log 2 + log 2 — log m) . 


u 


du < (- log Mo + log I + loglog 2 + log 2 + 2 ) , 


which completes the proof. 


□ 


Now, we record the following simple lemmas, but useful results to complete the proof 
of Theorem |3l 


5 Preliminary lemmas 

Lemma 11. For any even integer M >1, we have 




(m,2)=l 

where ©m G [— 1 , 1 / 8 ]. 

Proof. This follows immediately from 


-logM = 7 + ^ 


1 l 


2M 12M2 60M4’ 


where 7 is the Euler constant and 6m £ [0,1]. 


□ 

























Lemma 12. For M > 1, we have 


E 

m>M 

(m,2)=l 


nr^ 






( 1 


V2M3 


and 


Proof. Notice that 


E — = 

m>M 
{m,2)=l 


m‘* QM^ 




( 1 


V2M4 


i: :h = 


ra>M 

(m,2)=l 


mr 


3 E 

m>M 

(m,2)=l 


dt /■“ 

' 


I y 1 ^ = ^ r 
^ MZ^<t 2 Jm 


(m,2)=l 


3 

2 


dt 


{t} 


(it 


M - m 


“ (it' 


dt 


Im t^ Jm F 


^dt-M I ^ - + - 


Im t'^ 


M t^ 


As usual, {x} and [x] denote the fractional and the integer part of real x. Since 0 < 
{x} < 1 , the hrst equality follows from 


0 < 


/■°° |t} , 1 

Im 3ilE’ 


0 < 


/•oo JM] , 1 

Im 3dE- 


By a similar argument, we prove the second equality of this Lemma. 


□ 


6 Proofs 


6.1 Proof of Theorem [3] 

First, writing n in the form 2^m where m is odd integer and recalling the suitable condition 
x(2) = 1. We have 


ExW 

n>l 


1 - F{5n) 
n 


X(^) 

m>l i>0 

{m,2)=l 


1 - F{62^m) 

¥ 


E 

m>l 

{m,2)=l 


X{m) 

m 


Gpidm), 


(16) 


where the function F satishes our hypotheses. Now, we compare this sum to an integral. 
Here we need to consider two cases according to the parity of [(5“^]. 

(1) The hrst case when [(5“^] is odd in which case we set M = 

(2) In the second case, [(5“^] is even and we set M = — 1]. 

Both treatments are very similar, so we give the details only in the hrst case. We thus 
assume that [(5“^] is odd and set M = [(5“^]. We have 

^ |G^((5m)| 1 r \GF{t)\ ^^ 1 rSim+2) no F{t)\ |G^((5m)| \ 

r^M 2J5M t 2 Jsm \ t 5m ) ' 

(m,2)=l (m,2)=l 


9 


















Concerning the inner integral on the far right-hand side above, we have 




Dehne 


5m 


Km(S)= Y. 

m>M 

(m,2)=l 


< it — 5m) max 

Sm<u 


d Gjp(^u) 


du u 


r5(m+2) 

\GFit)\ 

\GF{5m)\ 

J 5m 

t 

5m 


dt. 


Applying Lemma i and using the identity dt — 25^, we get 


Km(s) < Y 

m>M 

{m,2)=l 

16co 


Ism \75^m‘^ 35^m^ / 


< 


8 ci ^ 1 

r^M 'rn‘^^ ^ ’ 


3^ 


(m,2)=l 


(m,2)=l 


Applying Lemma 1^ to the snm on the right-hand side above, we hnd that 
1. 8cn / 1 1 




2M4 




1 1 
+ 


35 V4M2 2M3 


Recall that M = [5 ^], Eq. (17) becomes 


m>M ^ ^ 

(m,2)=l 


(18) 


where 


zj zx\ (‘^'"0 I (12co + 14ci)5^ 

h/i(5) = -—-h •—---- 


(19) 


Now, let Mo < 5m < 1 for the remaining m’s, we notice that GF{5m) > 0. Here, we 
distinguish two cases. 

(a) Assume that uo/5 < 1. We have 


|G^(5m)| 

l<m<M-2 ^ 

(m,2)=l 


GF{5m) — 2 ^ 


l<m<M-2 

(m,2)=l 


m 


E 


l<m<M-2 

(m,2)=l 


2 

m 


( 20 ) 


We write the first sum on the right-hand side above as 


_ GF{5m) - 2 _ 1 GM GFjt) - 2 

l<J^M-2 ^ 2 A t 

{m,2)=l 


-2 N 

(m,2)=l 


|■s(m+ 2 ) /Gp{t)-2 _ GF{5m) 
Ism I t 5m 


dt. 


Since the derivative of {Gf{u) — 2)/u is positive on mq < w < 1 and mq < 5. Then 
the derivative {Gf{u) — 2)/u is also positive on 5 < m < 1 , it follows that the last 
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sum above is positive. Applying Lemma H to the last sum on the right-hand side 
of Eq. ([20| , we get 


E 

l<7n<M-2 

(m,2)=l 


\GF{6m)\ 1 r^^GF{t)-2 


m 


- 2 Js 


dt+ 


log(M - 1) -f 7 -h log(2) 


Recalling that M = [5 ^], then 


E 


\GF{Sm)\ ^ 1 /-i GF{t)-2 


< 


l<m<M-2 

(m,2)=l 


m 


2 Js t 


6 (M- 1)2 30(M-1)4' 


dt-log 5 +'J+ \og 2 + H 2 { 5 ), (21) 


where 


5^ 6"^ 

H 2 { 6 ) = log{l- 6 )+ — -^ + 


6(1-2(5)2 30(1 - 2(5)4' 


From Eqs. (18) and (21), we get 


( 22 ) 


E 

m>l 

(m,2)=l 


\GF{Sm)\ ^ 1 /■! GF{t) - 2 , 1 /■“ \GF{t)\ 


m 


2 Js t 


dt -\— 


dt 


2 Ji t 

-log 6 + -f + log2 + Hi{ 6 ) + H 2 { 6 ). (23) 
Now, we write the first integral on the right-hand side above as 


1 GF{t) - 2 ^ N GF{t) - 2 ^ G GF{t) - 2 


t 


■ dt = 


/o t 


dt — 


/o t 


• dt. 


Applying Lemma 10 to the last integral above. Eq. (23) becomes 

E ^-^^^^<-^og6 + bF + D{6) + H,{6) + H2i6), 


m>l 

(m,2)=l 


m 


(24) 


where the constant bF depends on only F and is given by Eq. (|^ and D(5) is given 
byEq. (§. 


(b) Assume that uo/6 > 1. We have 


^ \GF{5m)\ ^ ^ \GF{5m)\ ^ ^ 


GF{5m) 


l<m<M-2 

(m,2)=l 


m 


(m,2)=l 


m 


[^]<m<M -2 

(m,2)=l 


m 


Under the condition \Gf{u)\ < 2, we obtain that 


^ \GF{dm)\ ^ Gpidm) - 2 


l<m<M-2 

(m,2)=l 


m 




(26) 


(m,2)=l 


(m,2)=l 
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We write the second sum on the right-hand side above as 


Gpidm) - 2 _ 1 r^M - 2 

luni ^ m 2 t 

(m,2)=l 

_ 1 ^ .5(m+2) - 2 GpiSm) - 2' 

~ 2 


[^]<m<M-2 ' 
(m,2)=l 


5m 


t 


Sm 


dt. 


Since the derivative of {Gf{u) — 2)/u is positive on the interval mq < w < 1, it 
follows that the last sum above is positive. Applying Lemma to the hrst sum on 
the right-hand side of Eq. (25), we get 


^ \GF{5m)\ ^ 1 GF{t)-2 ^^ 


l<m<M-2 

(m,2)=l 


m 


2 Js[j] t 

log(M - 1) -F 7 -h log(2) .xn + 


6(M-1)2 30{M-iy 


Recalling that M = [6 ^], then 


E < :( fL ^ dt - log^ + 7 + log2 + H,{S) (26) 


l<m<M-2 

(m,2)=l 


m 


2 Jsyj] t 


where H 2 { 6 ) is given by Eq. (22). From Eqs. ([l^ and (26), we get 




m>l 

(m,2)=l 


m 


2 t 


2 Ji t 

log (5 + 7 + log 2 + H^d) + H 2 { 5 ). 


But, the hrst integral above is 


wi G,(t )-2 

2 t 2 Jo t 2 Jo t 


Thanks to Lemma 10 we hnd that 


E < - log^ + V + D{uo) + H.id) + H^id). 


m>l 


m 


(27) 


(m,2)=l 

where D{uo) is given by Eq. (|^. 


Form Eqs. (24) and (27), we conclude that 


E <-\ogd + bF + D{9) + H{d), 


m>l 

(m,2)=l 


m 


where H{d) = Hi{d) + 7^2(<5) and 9 is Uq or d according to whether d < Uq or d > Uq. 
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6.2 Proof of Theorem [T] 

Setting n = 2^m with m is odd in Eq. ([^, we have 

GF,{^rn) 2r(x) 


L(l,x)= E X( 


m] 


m>l 

(m,2)=l 


m 


q 


E x{k) log 

l<k<5q/2 


Sin 


7ik 

Tq 


(28) 


From Lemmas and we find that the hypotheses of Theorem are satisfied when 
Uq = 10“^. Then, we apply this last Theorem to the first sum in Eq. (28). Using Lemma[^ 
for the second sum of Eq. (28), we get 


1^(1, X)I < -log^ + + 5^/q\og2 + D{e) + H{5) 


where 9 is 10“® or 5 according to whether 5 < 10“^ or 5 > 10“^. 

Thanks to Lemmas]^ |^and[^ we find that Cq = 1, Ci = l/vr, C 2 = 2, C 3 = log4 and 
< —0.66266. The best value for 5 is given by 6y/qlog2 = 1. Thus, we get 

\L{1, x)\ < I logg + log log 2 - 0.66266 + 1 + C(g), 

where the constant C'(g) depends only on q and 


C(,) = « n log « + log 2 + 2 ) + log (^1 - 

(127r + 14) 

^ 2 l 7 rglog 2 2 ^ 6(yglog2-4)2 ^ 30(^log2 - 4)4' 
Here, we distinguish the following cases: 

• For 2 < q <2 ■ 10®. Using the same techniques as described in ca. Platt computed 

L(l,x) for all primitive x where x(2) = 1 with modulus less than 2 000 000. No 
counter examples to Theorem were found, the nearest miss being at g = 241 

where |L(l,x)| — |logg G [-0.3240421,-0.3240420]. Figure 0 shows, for each g, 
the largest value of |L(1, x)| — | logg found, and Figure]^ shows the smallest. 

• For 2 ■ 10® < g < 2 ■ 10^®, we find that 6 = 6 = l/(yglog2). It follows that 

U(g) + log log 2 - 0.66266 + 1 < - 0 . 02012 . 


• For g > 2 ■ 10^°, we find that 9 < 1.02014 ■ 10“®. It follows that 

C'(g) + log log 2 - 0.66266 + 1 < - 0 . 02012 . 


Therefore, we conclude that 


|L(1 ,X)| < I logg- 0.02012. 


This completes the proof. 

Remark 1. This result is the best for the function Fi for the moment, but can be optimized 
through applying this method on a different function, where the efficiency of our method 
will be much clear. 
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200000 400000 600000 800000 1e-f06 1.26406 1.46406 I.664O6 I.864O6 26406 

Figure 1: The largest value of |L(l,x)| — |logg. 



200000 400000 600000 800000 1e+06 1.2e+06 1.4e+06 1.6e+06 1.8e+06 2e+06 

Figure 2: The smallest value of |T(1, x) \ ~ \ ^ogq. 
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6.3 Proof of Theorem [2] 

Recall that the Dirichlet class number formula is given by 




where Xq is the even primitive real character modulo q and Sq is the fundamental unit. 
Thanks to Theorem we find that 


2 

7^ 


hmvQ))< 


logg — 0.04038 
21og(t^g-4 + 


logg — 0.04038 

2logyg + 2log(t + t^i-J) 


For g > 4, we notice that 






This yields 


2 

7^ 


hmvQ))< 


logg — 0.04038 
logg + 21 og(l- 


Since log(l — X) > —2X, when X < t. R follows that 


2 

7^ 


/^(Q(v/g))<i 


2 log (l - ^) + 0.04038 0.04038 - ^ 

logg + 21og (^1 — logo' 


Oriat P] has computed the class number of this held when 1 < g < 24572. For g > 24572, 
we conclude that 


2 

7^ 


/^(Q(v^))<i 


1 

25 log g ’ 


We extend it to g > 226 via the table of Oriat. Thanks to the precious remarks of 
Francesco Pappalardi, and the following simple GP-PARI code sent by him. We can 
check that our result is also correct for 1 < g < 226. 


for(q=2,226, 

if(q==quaddisc(q),U=quadclassunit(q)[1]; 

if(U>sqrt(q)/2*(l-l/25/log(q)), printCq" "U),),)) 


This completes the proof. 
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